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General Considerations

Goal: Create spatially varying “internal eigenstates” (adiabatic
states) of the Hamiltonian. Gauge fields appear in the basis of these
adiabatic states.
Method: Using laser (classical field) (+ magnetic field) induced
adiabatic states.
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1. Length scales:
laser wave length λ;
BEC coherence length ξ;
inter-particle spacing d
2. Typical single particle

energy scale: ~2k2

2M ∼ ER
3. Internal degree of
freedom



Adiabatic Conditions

ER

Adiabatic States

non-adiabatic States

Abelian non-abelian

adiabatic conditions:
1. Single particle energy
states εi � ER;
2. Many-body energy scales
� ER; (Fermi energy;
~2/2Mξ2,etc.)
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∆ER

Def: ∆ = minx |ε3 − ε2|
3. d ln ε(x)

dt � ∆⇒
v � ∆

(
∂ln ε(x)
∂x

)−1

∼ ∆
|ε|

1
λ

Boson: v ∼ ~/ξ ⇒ ξ � |ε|
∆ λ

Fermion:
v ∼ ~/d⇒ d� |ε|

∆ λ



the NIST Scheme 1
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m = 1

m = 0

m = −1

Single Particle Hamiltonian:

h(t) =
p2

2M
+W (t) (1)

W (t) = −~ΩyFy + ~λF 2
y (2)

− ~ΩR
2

[
ei(qx−ωt)F+ + h.c.

]
F+ ≡ Fz + iFx (3)

F− ≡ Fz − iFx (4)

~Ωy = ~Ωo +Gy (5)



the NIST Scheme 2

Condition for Non-abelian Fields:
Step 1: Go to rotating frame:

W (t) = e−iqxFy
(
−ΩyFy + λF 2

y − ΩRFz
)
eiqxFy (6)

~Ωy = ~Ωo − ω +Gy (7)

Step 2: Setting G = 0. Choose ω = λ+ Ωo. Then the states m = 0
and m = −1 are degenerate and the state m = −1 is of energy 2λ
higher.

2λ

m = 0m = 1

m = −1

ΩR

ΩR

Provided λ� ΩR, ER, can
neglect coupling to m = −1
state ⇒ effectively two
internal states.



the NIST Scheme 3

Step 3: Transform to spatially dependent basis.

ψ̂†m — create state in the lab frame

φ̂†m — create state in the rotating frame

ψ̂†m =
(
eiqxFy

)
mn

φ̂†n (8)

the Single Particle Hamiltonian:

Hmn =
~2

2M

[∇
i

+ x̂q

(
1 0
0 0

)]2

+ ~

(
0 ΩR√

2
ΩR√

2
0

)
. (9)

The full Hamiltonian (including chemical potential term):

K̂ =

∫ [
φ̂†mHmnφ̂n +

1

2
n̂mgmnn̂n + (V − µ)n̂

]
(10)

gmn — interacting matrix elements in the rotating basis.



Properties of Hmn 1

(1). If χm is the solution of the Hamiltonian Hmn with energy E, then

χn = eiγe−iqx (τ1)nm χ
∗
m (11)

is also an eigenstate, with the same energy E. γ is an arbitrary phase
factor.
(2). χ

(p)
m (x) = eipxχ̃m, χ̃ ≡ (uv ), `2 ≡ MΩR√

2~

~2

M

(
k2 +Q2

2
+ kQτ2 + `2τ1

)(
u
v

)
= Ep

(
u
v

)
, (12)

E1(0)(p) =
~2

M

(
k2 +Q2

2
+ (−)

√
(kQ)2 + `4

)
(13)

Q = q/2; k = p+Q (14)



Properties of Hmn 2

k0−k0 k ≡ p +
q

2

E0(p)

E1(p)

Def: MΩR√
2~Q2

≡ sin θ;

The lowest energy states are
degenerate @

ko = Q

√
1− `4

Q4
=
q

2
cos θ;

E0(p±) = −m(~ΩR)2

~2q2
;

p± = ±ko − q/2

χ̃(p+) =

(
isin θ2
cos θ2

)
, χ̃(p−) =

(
icos θ2
sin θ2

)
. (15)

Note: χ̃(p+)†χ̃(p+) = sin θ 6= 0.



Structure of the Condensate

The Gross-Pitaevskii ansatz can be written as:

Φm(x) = A+χ
(p+)
m (x) +A−χ

(p−)
m (x). (16)

Our task is to fix A+ and A−, which in general are complex
amplitudes.
⇒ minimize the GP energy functional K̂.

I

II

III

(p+, p−)

p+

p−

ααc

βc

β

−βc

α ≡ (g10)/g;

β ≡ (g11 − g00)/g;

g ≡ (g11 + g00)/2;

αc =
2− tan2 θ

2 + tan2 θ
> 0;

βc = cos θ(2− tan2 θ)



Stripe Structure

In the region I, (p+, p−):

Φm =
√

µ(r)−Eo

Go
[ao+e

ip+x

(
isin θ2
cos θ2

)
+eiγao−e

ip−x

(
icos θ2
sin θ2

)
] (17)

µ(r) = µ− V (r) (18)

α =
1

4
αc, β =

1

4
βc



Thank you!


